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Abstrat
This
1
paper presents the main results in my Ph.D. thesis and develops
from [25℄ where it was shown that SCH follows from PFA. In what follows
several other and simpler proofs of SCH are presented introduing a family
of overing properties CP(κ, λ) whih implies both SCH and the failure of
square. I will also apply these overing properties to investigate models of
strongly ompat ardinals or of strong foring axioms like MM or PFA.
In this paper I introdue a family of overing properties CP(κ, λ) indexed by
pairs of regular ardinals λ < κ. In the rst part I show that these overing
properties apture the ombinatorial ontent of many of the known proofs of
the failure of square-like priniples from foring axioms or large ardinals. In
the seond part I show that a large lass of these overing properties follows
either from the existene of a strongly ompat ardinal or from at least two
ombinatorial priniples whih hold under PFA and are mutually independent:
the mapping reetion priniple MRP introdued by Moore in [14℄ and the
P -ideal dihotomy PID introdued in its full generality by Todor£evi¢ in [21℄
developing on preeding works by him and Abraham [1℄ on P -ideals of ountable
subsets of ω1. This allows for a unied and simple proof of the failure of square
and of the singular ardinal hypothesis SCH assuming PFA. Finally in the last
part of the paper I will investigate the "saturation properties"
2
of models of
CP(κ, λ) for various κ and λ.
The paper is organized as follows: in setions 1 and 2 we introdue the ombi-
natorial priniples PID and MRP. In setions 3 and 4 we introdue the overing
properties CP(κ, λ) and we outline some of their onsequenes among whih
SCH and the failure of square. In setions 5, 6 and 7 we prove various instanes
1
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In a sense that will be made expliit in the last setion of the paper.
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of CP(κ, λ) assuming respetively the existene of a strongly ompat ardinal,
PID orMRP3. In the last setion we study the rigidity of models of CP(κ, λ) and
we prove several results that strongly suggest that any two models W ⊆ V of
MM with the same ardinals have the same ω1-sequenes of ordinals. Another
result that we will present is that strongly ompat ardinals λ are destroyed by
any foring whih preserves ardinals and hanges the onality of some regular
κ > λ to some θ < λ.
The paper aims to be aessible and self-ontained for any reader with a strong
bakground in ombinatorial set theory. Moreover while foring axioms are a
soure of inspiration for the results that we present, all the tehnial arguments
in this paper (exept some of those in the last setion) an be followed by a reader
with no familiarity with the foring tehniques. When not otherwise expliitly
stated [7℄ is the standard soure for notation and denitions. For a regular
ardinal θ, we use H(θ) to denote the struture 〈H(θ),∈, <〉 whose domain is
the olletion of sets whose transitive losure is of size less than θ and where < is
a prediate for a xed well ordering of H(θ). For ardinals κ ≥ λ we let [κ]λ be
the family of subsets of κ of size λ. In a similar fashion we dene [κ]<λ, [κ]≤λ,
[X ]λ, where X is an arbitrary set. If X is an unountable set and θ a regular
ardinal, E ⊆ [X ]θ is unbounded if for every Z ∈ [X ]θ, there is Y ∈ E ontaining
Z. E is bounded otherwise. E is losed in [X ]ω if whenever X =
⋃
nXn and
Xn ⊆ Xn+1 are in E for all n, then also X ∈ E . It is a well known fat that
C ⊆ [X ]ω is losed and unbounded (lub) i there is f : [X ]<ω → X suh that C
ontains the set of all Y ∈ [X ]ω suh that f [Y ]<ω ⊆ Y . S ⊆ [X ]ω is stationary
if it intersets all lub subsets of [X ]ω. The f -losure of X is the smallest Y
ontaining X suh that f [[Y ]<ω] ⊆ Y . Given f as above, Ef is the lub of
Z ∈ [X ]ω suh that Z is f -losed. If X is a set of ordinals, then X denotes
the topologial losure of X in the order topology. For regular ardinals λ < κ,
S≤λκ denotes the subset of κ of points of onality ≤ λ. In a similar fashion
we dene Sλκ and S
<λ
κ . We say that a family D is overed by a family E if for
every X ∈ D there is a Y ∈ E suh that X ⊆ Y . We also reall the following
denitions entral to the arguments that follows:
The singular ardinal hypothesis SCH asserts that κof(κ) = κ+ + 2of(κ) for
all innite ardinals κ.
It is a elebrated result of Silver [19℄ that if SCH fails, then it rst fails at a
singular ardinal of ountable onality. It is also known that the failure of
SCH is a strong hypothesis as it entails the existene of models of ZFC with
measurable ardinals [6℄.
Let κ be an innite regular ardinal. The square priniple (κ) asserts the
existene of a sequene (Cα : α < κ) with the following properties:
(i) for every limit α, Cα is a losed unbounded subset of α,
(ii) if α is a limit point of Cβ , Cα = Cβ ∩ α,
3
The shortest path to obtain a self-ontained proof of the SCH starting from PID is to read
setions 1, 3 and 6, from MRP is to read setions 2, 3 and 7.
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(iii) there is no lub C in κ suh that for all α there is β ≥ α suh that
C ∩ α = Cβ ,
(iv) Cβ+1 = {β}.
It is well known that the failure of (κ) for all ardinals κ > ℵ1 is a very strong
large ardinal hypothesis. For example Shimmerling has shown that it entails
the existene of models of set theory with Woodin ardinals [17℄.
Reall that λ is a strongly ompat ardinal if for every κ ≥ λ there is a λ-
omplete ultralter on [κ]<λ.
1 The P -ideal dihotomy
Let Z be an unountable set. I ⊆ [Z]≤ω is a P -ideal if it is an ideal and for every
ountable family {Xn}n ⊆ I there is an X ∈ I suh that for all n, Xn ⊆∗ X
(where ⊆∗ is inlusion modulo nite).
Denition 1 (Todor£evi¢, [21℄)
The P -ideal dihotomy (PID) asserts that for every P -ideal I on [Z]≤ω for some
xed unountable Z, one of the following holds:
(i) There is Y unountable subset of Z suh that [Y ]≤ω ⊆ I.
(ii) Z =
⋃
nAn with the property that An is orthogonal to I (i.e. X ∩ Y is
nite for all X ∈ [An]ω and Y ∈ I) for all n.
PID is a priniple whih follows from PFA and whih is strong enough to rule
out many of the standard onsequenes of V = L. For example Abraham
and Todor£evi¢ [1℄ have shown that under PID there are no Souslin trees while
Todor£evi¢ has shown that PID implies the failure of (κ) on all regular κ >
ℵ1 [21℄. Due to this latter fat the onsisteny strength of this priniple is
onsiderable. Another interesting result by Todor£evi¢ is that PID implies that
b ≤ ℵ24. Nonetheless in [1℄ and [21℄ it is shown that this priniple is onsistent
with CH. Other interesting appliations of PID an be found in [24℄, [2℄, [21℄
and [1℄.
2 The mapping reetion priniple
Almost all known appliations of MM whih do not follow from PFA are a on-
sequene of some form of reetion for stationary sets. These types of reetion
priniples are a fundamental soure in order to obtain proofs of all ardinal
arithmeti result that follows from MM. In partiular SCH and the fat that
4
In [21℄ it is shown that any gap in P (ω)/FIN is either an Haussdor gap or a (κ, ω) gap
with κ regular and unountable. By another result of Todor£evi¢ (see [7℄ pp. 578 for a proof)
if b> ℵ2 there is an (ω2, λ) gap in P (ω)/FIN for some regular unountable λ. Thus PID is
not ompatible with b> ℵ2.
3
c ≤ ω2 are a onsequene of many of the known reetion priniples whih hold
underMM. However up to a very reent time there was no suh kind of priniple
whih ould be derived from PFA alone. This has been the main diulty in
the searh for a proof that PFA implies c = ω2, a result whih has been obtained
by Todor£evi¢ and Veli£kovi¢ appealing to ombinatorial arguments whih are
not dissimilar from the P -ideal dihotomy [23℄. Later on this has also been the
ruial obstale in the searh for a proof of SCH from PFA.
In 2003 Moore [14℄ found an interesting form of reetion whih an be derived
from PFA, the mapping reetion prinipleMRP. He has then used this priniple
to show that BPFA implies that c = ℵ2 and also that this priniple is strong
enough to entail the non-existene of square sequenes. He has also shown in
[16℄ that MRP ould be a useful tool in the searh of a proof of SCH from PFA. I
rst obtained my proof of this latter theorem elaborating from [16℄. Many other
interesting onsequenes of this reetion priniple have been found by Moore
and others. A omplete presentation of this subjet will be found in [4℄.
Denition 2 Let θ be a regular ardinal, let X be unountable, and let M ≺
H(θ) be ountable suh that [X ]ω ∈ M . A subset Σ of [X ]ω is M -stationary if
for all E ∈M suh that E ⊆ [X ]ω is lub, Σ ∩ E ∩M 6= ∅.
Reall that the Ellentuk topology on [X ]ω is obtained by delaring a set open
if it is the union of sets of the form
[x,N ] = {Y ∈ [X ]ω : x ⊆ Y ⊆ N}
where N ∈ [X ]ω and x ⊆ N is nite.
Denition 3 Σ is an open stationary set mapping if there is an unountable
set X and a regular ardinal θ suh that [X ]ω ∈ H(θ), the domain of Σ is a lub
in [H(θ)]ω of ountable elementary submodels M suh that X ∈ M and for all
M , Σ(M) ⊆ [X ]ω is open in the Ellentuk topology on [X ]ω and M -stationary.
The mapping reetion priniple (MRP) asserts that:
If Σ is an open stationary set mapping, there is a ontinuous ∈-hain
~N = (Nξ : ξ < ω1) of elements in the domain of Σ suh that for all
limit ordinals 0 < ξ < ω1 there is ν < ξ suh that Nη ∩X ∈ Σ(Nξ)
for all η suh that ν < η < ξ.
If (Nξ : ξ < ω1) satises the onlusion of MRP for Σ then it is said to be a
reeting sequene for Σ.
We list below some of the interesting onsequenes of MRP.
• (Moore [14℄) PFA implies MRP.
• (Moore [14℄) MRP implies that c = ℵ2. As a simple outome of his proof
of the above theorem Moore obtains also that BPFA implies c = ℵ2.
• (Moore [14℄) Assume MRP. Then (κ) fails for all regular κ ≥ ℵ2.
4
A folklore problem in ombinatorial set theory for the last twenty years has
been the onsisteny of the existene of a ve element basis for the unountable
linear orders, i.e. the statement that there are ve unountable linear orders
suh that at least one of them embeds in any other unountable linear order.
• (Moore [15℄) Assume BPFA and MRP. Then there is a ve element basis
for the unountable linear orders.
A onsiderable redution of the large ardinal hypothesis needed for the onsis-
teny of the above onjeture has been obtained in [10℄. A byprodut of their
results yields to the following:
• (König, Larson, Moore, Veli£kovi¢ [10℄) MRP implies that there are no
Kurepa trees.
Other interesting onsequenes of MRP an be found in [5℄.
We remark that MRP and PID are mutually independent priniples sine PID
is ompatible with CH while, by a result of Myiamoto [13℄, MRP is ompatible
with the existene of Souslin trees.
3 A family of overing properties
In this setion we introdue the main original onept of this paper. A areful
analysis of Todor£evi¢'s proof that PID implies that (κ) fails for all regular
κ ≥ ℵ1 leads to the isolation of a family of overing properties CP(κ, λ) whih
on one side are strong enough to entail both SCH and the failure of square, and
on the other side are weak enough to be a onsequene of the existene of a
strongly ompat ardinal, of PID and of MRP.
Denition 4 For regular ardinals λ < κ, D = (K(α, β) : α < λ, β ∈ κ) is a
λ-overing matrix for κ if:
(i) β ⊆
⋃
α<λK(α, β) for all β,
(ii) |K(α, β)| < κ for all β and α,
(iii) K(α, β) ⊆ K(η, β) for all β < κ and for all α < η < λ,
(iv) for all γ < β < κ and for all α < λ, there is η < λ suh that K(α, γ) ⊆
K(η, β).
(v) for all X ∈ [κ]≤λ, there is γX < κ suh that for all β < κ and η < λ, there
is α suh that K(η, β) ∩X ⊆ K(α, γX)
βD ≤ κ is the least β suh that for all α and γ, otp(K(α, γ)) < β
5
We will mainly be interested in ω-overing matries, whih we will just all
overing matries. As we will see below square like priniples are useful to
onstrut several kinds of overing matries. One suessful strategy to negate
square priniples from large ardinals and foring axioms is to use appropriate
ultralters or spei foring arguments to "diagonalize" through the overing
matrix dened appealing to these square-like priniples, as for example in the
proofs of the failure of square from a strongly ompat by Solovay [20℄ or from
PID by Todor£evi  [21℄5. The overing matries indued by square-like priniples
that we will onsider satisfy a stronger oherene property than the "loal"
property (v). This ondition is replaed by the "global" property
6
:
(v') For all γ < β < κ and η < λ, there is α suh that K(η, β)∩γ ⊆
K(α, γ).
The key point to introdue ondition (v) above in this weak form is that λ-
overing matries on κ an be dened in an elementary way in ZFC and the
diagonalization argument whih in the square-like ases leads to a ontradition,
in the general ase leads to a simple ombinatorial argument to ompute κλ. It
is possible to prove the following:
Lemma 5 Assume that there is a stationary set of points of unountable o-
nality in the approahability ideal
7 I[κ]. Then there is an ω-overing matrix
on κ. Moreover if λ is singular of ountable onality, then there is D overing
matrix on λ+ with βD = λ.
Sine the main original appliation of the existene of ω-overing matries D
that we have found is the proof of SCH from PFA, we will just prove a weaker
form of the lemma:
Lemma 6 Assume that κ > c is a singular ardinal of ountable onality.
Then there is an ω-overing matrix C for κ+ with βC = κ.
Proof: The matries we are going to dene satisfy (i),· · · ,(iii) and a stronger
oherene property than what is required by (iv) and (v) of the above denition.
They will satisfy the following properties (iv*) and (v*) from whih (iv) and (v)
immediately follow:
(iv*) For all α < β there is n suh that K(m,α) ⊆ K(m,β) for all m ≥ n.
(v*) For all X ∈ [κ+]ω there is γX < κ suh that for all β ≥ γX there is n suh
that K(m,β) ∩X = K(m, γX) ∩X for all m ≥ n.
5
See also the several arguments of this sort appearing in the sequel of this paper.
6
For example the matrix produed by a square sequene using the ρ2-funtion (see setions
6 and 8 of [22℄ and fat 20 below) satises (i),. . . (iv) and (v'), and this matrix an be used to
show that CP implies the failure of square. Another interesting example of a overing matrix
whih is not dened appealing to lemma 6 below and whih satises (v) is the matrix used in
the proof of theorem 27 in the last setion.
7
In [18℄ it is possible to nd a denition of the approahability ideal I[κ]. We avoid it in
this paper sine it is not relevant for the arguments we are presenting.
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Let φη : κ → η be a surjetion for all 0 < η < κ+. Fix also {κn : n < ω}
inreasing sequene of regular ardinals onal in κ with κ0 ≥ ℵ1. Set
K(n, β) =
⋃
{K(n, γ) : γ ∈ φβ [κn]}.
It is immediate to hek that D = (K(n, β) : n ∈ ω, β < κ+) satises (i),
(ii), (iii) of denition 4, property (iv*) and that βD = κ. To prove (v*), let
X ∈ [κ+]ω be arbitrary. Now sine c < κ+ and there are at most c many subsets
of X , there is a stationary subset S of κ+ and a xed deomposition of X as
the inreasing union of sets Xn suh that X ∩K(n, α) = Xn for all α in S and
for all n. Now properties (i)· · · (iv) of the matrix guarantees that this property
of S is enough to get (v*) for X with γX = min(S). 
A similar argument an be used to prove the following:
Lemma 7 Assume that κ and λ are regular with κ > 2λ. Then there is a
λ-overing matrix C for κ.
We say that D is overed by E i every X ∈ D is ontained in some Y ∈ E .
Denition 8 CP(κ, λ): κ has the λ-overing property8 if for every D, λ-overing
matrix for κ there is an unbounded subset A of κ suh that [A]λ is overed by
D. CP(κ) abbreviates CP(κ, ω) and CP is the statement that CP(κ) holds for all
regular κ > c.
Fat 9 Assume CP(κ+) for all singular κ of ountable onality. Then λℵ0 = λ,
for every λ ≥ 2ℵ0 of unountable onality.
Proof: By indution. The base ase is trivial. If λ = κ+ with of(κ) > ω,
then λℵ0 = λ · κℵ0 = λ · κ = λ, by the indutive hypothesis on κ. If λ is a limit
ardinal and of(λ) > ω then λℵ0 = sup{µℵ0 : µ < λ}, so the result also follows
by the indutive hypothesis. Thus, the only interesting ase is when λ = κ+,
with κ singular of ountable onality. In this ase we will show, using CP, that
(κ+)ℵ0 = κ+. To this aim let D be a overing matrix for κ+ with βD = κ.
Notie that by our indutive assumptions, sine every K(n, β) has order type
less than κ, |[K(n, β)]ω | has size less than κ. So
⋃
{[K(n, β)]ω : n < ω& β ∈ κ+}
has size κ+. Use CP to nd A ⊆ κ+ unbounded in κ+, suh that [A]ω is overed
by D. Then [A]ω ⊆
⋃
{[K(n, β)]ω : n < ω& β ∈ κ+}, from whih the onlusion
follows. 
The following theorems motivate the introdution of these overing properties:
Theorem 10 Assume λ is strongly ompat. Then CP(κ, θ) holds for all regular
θ < λ and all regular κ ≥ λ.
Theorem 11 Assume PID. Then CP holds.
8
Moore has rst notied that a overing property similar to the ω-overing property for a
regular κ > c followed from MRP, reading a draft of [25℄.
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On the other hand MRP allows us to infer a slightly weaker onlusion than the
one of the previous theorem.
Theorem 12 Assume MRP and let D be a overing matrix for κ suh that
K(n, β) is a losed set of ordinals for all K(n, β). Then there is A unbounded
in κ suh that [A]ω is overed by D.
In partiular we obtain:
Corollary 13 PFA implies SCH.
Proof: PFA implies PID and PID implies CP. In partiular PFA implies that
κω = κ for all regular κ ≥ c. By Silver's theorem [19℄ the least singular κ >
2ofκ suh that κofκ > κ+ has ountable onality. Now assume PFA and let
κ have ountable onality. By fat 9, κof(κ) ≤ (κ+)ℵ0 = κ+. Thus assuming
PFA there annot be a singular ardinal of ountable onality whih violates
SCH. Combining this fat with Silver's result we get that SCH holds under PFA.

Before proving all the above theorems we analyze in more details the eets of
CP and we give other interesting examples of λ-overing matries.
4 Some simple onsequenes of CP(κ, λ)
We remind the reader that if λℵ0 = λ for all regular λ > 2ℵ0 , then by Silver's
theorem and some elementary ardinal arithmeti we obtain that κλ = κ+ 2λ
for all regular ardinals λ < κ.
Fat 14 Let θ < κ be regular ardinals suh that λθ < κ for all regular λ < κ.
D = {K(α, β) : α ∈ θ, β < κ} be a θ-overing matrix on κ and A be an
unbounded subset of κ. The following are equivalent:
(i) [A]θ is overed by D.
(ii) [A]λ is overed by D for all λ < κ suh that of(λ) > θ.
Proof: (ii) implies (i) is evident. To prove the other diretion, assume (i)
and let Z ⊆ A have size λ with of(λ) > θ. We need to nd α < θ and
β < κ suh that Z ⊆ K(α, β). For X ∈ [Z]θ ⊆ [A]θ let by (i) αX < θ,
βX < κ be suh that X ⊆ K(αX , βX). By our assumptions, λ
θ < κ. For this
reason β = supX∈[Z]θ βX < κ. Now by property (iii) of D, we have that for
all X ∈ [Z]θ, X ⊆ K(αX , β) for some αX . Let Cα be the set of X suh that
αX = α. Now notie that for at least one α, Cα must be unbounded in [Z]θ,
otherwise [Z]θ would be the union of θ bounded subsets whih is not possible
sine |Z| has onality larger than θ. Then Z ⊆ K(α, β), sine every α ∈ Z is
in some X ∈ Cα beause Cα is unbounded. This ompletes the proof of the fat.

8
A λ-overing matrix D for κ+ with βD = κ is an objet simple to dene when
κ has onality λ. If κλ = κ, the existene of a overing matrix D for κ+ with
βD < κ
+
is not ompatible with CP(κ+, λ). This is a simple onsequene of the
above fats:
Fat 15 Assume κλ = κ and CP(κ+, λ). Then there is no λ-overing matrix D
on κ+ with βD < κ
+
.
Proof: Assume not and let D be a λ-overing matrix for κ+ with βD < κ+. By
CP(κ+, λ) there should be an A unbounded in κ+ suh that [A]λ is overed by D.
Appealing to fat 14, we an onlude in any ase that [A]κ is overed byD. Take
β large enough in order that otp(A∩β) > βD. SineA∩β has size at most κ there
are n, γ suh that A∩ β ⊆ K(n, γ). Thus βD < otp(A∩ β) ≤ otpK(n, β) < βD
a ontradition. 
On the other hand assuming that κ is regular to what extent an we streth λ
in order that CP(κ+, λ) is onsistent? The fat below shows that λ annot be
κ.
Lemma 16 CP(κ+, κ) fails for all regular κ ≥ ω1.
Proof: Fix a sequene C = {Cξ : ξ < κ+} suh that for all limit α, Cα is a lub
subset of α of order type of(α). If ξ = α + 1, Cξ = {α}. Dene by indution
on α ≤ β < κ+,
ρ∗(α, β) : [κ+]2 → κ
as follows:
• ρ∗(α, α) = 0,
• ρ∗(α, β) = max{otp(Cβ ∩ α), ρ∗(α,min(Cβ \ α)),
sup{ρ∗(ξ, α) : ξ ∈ Cβ ∩ α}}.
We will need the following properties of ρ∗ whih follows from the fat that κ
is regular
9
.
Lemma 17 For all α ≤ β ≤ γ:
(a) ρ∗(α, β) ≤ max{ρ∗(α, γ), ρ∗(β, γ)}
(b) ρ∗(α, γ) ≤ max{ρ∗(α, β), ρ∗(β, γ)}

Lemma 18 For all α < κ+ and ν < κ:
|{ξ < α : ρ∗(ξ, α) < ν}| ≤ |ν|+ ℵ0.

9
For a proof see [22℄ lemmas 19.1 and 19.2
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Set D(α, β) = {ξ < β : ρ∗(ξ, β) ≤ α} for all α < κ and β < κ+.
Fat 19 The following holds:
(i) otp(D(α, β)) < κ for all α < κ and β < κ+,
(ii) for all γ < β < κ+,there is α0 < κ suh that D(α, γ) = D(α, β) ∩ γ for all
α ≥ α0.
Proof: (i) follows from the seond lemma on ρ∗. To prove (ii), let α0 be suh
that ρ∗(γ, β) ≤ α0, α ≥ α0 and ξ < β suh that ρ∗(ξ, β) ≤ α . By (a) of lemma
17:
ρ∗(ξ, γ) ≤ max{ρ∗(ξ, β), ρ∗(γ, β)} ≤ max{α, α0} = α.
Conversely assume that ρ∗(ξ, γ) ≤ α, by (b) of the same lemma:
ρ∗(ξ, β) ≤ max{ρ∗(ξ, γ), ρ∗(γ, β)} ≤ max{α, α0} = α.
Thus D(α, γ) = D(α, β) ∩ γ for all α ≥ α0. 
This means that D = (D(α, β) : α < κ, β < κ+) is a κ-overing matrix for κ+
with βD = κ. Assuming CP(κ
+, κ) there would be A unbounded in κ+ suh
that [A]κ is overed by D. However there annot be an unbounded subset A of
κ+ suh that [A]κ is overed by D, sine any element of the matrix has order
type less than κ. 
The funtion ρ∗ dened above will be useful also for some other appliations of
CP(κ, λ) in the nal setion (see theorem 27).
The following theorem follows losely Todor£evi¢'s proof that PID entails the
failure of square and shows that CP is a very large ardinal property.
Theorem 20 Assume κ > ℵ1 is regular. Then CP(κ) implies that (κ) fails.
Proof: Todor£evi¢ has shown that assuming (κ) it is possible to dene a step
funtion (see setions 6 and 8 of [22℄):
ρ2 : [κ]
2 → ω
with the following properties:
(i) For every A unbounded in κ, ρ2[[A]
2] is unbounded in ω,
(ii) for every α < β there is m suh that |ρ2(ξ, α)− ρ2(ξ, β)| ≤ m for all ξ < α.
By (ii) it is immediate to hek that D = {K(n, α) : n ∈ ω&α < κ} is a
overing matrix for κ, where K(n, α) = {ξ : ρ2(ξ, α) ≤ n}. In fat it an be
shown something stronger i.e. that for every α < β and n there is m suh that
K(n, α) ⊆ K(m,β) and K(n, β) ∩ α ⊆ K(m,α).
Using this oherene property of D one gets that whenever A is an unbounded
subset of κ suh that [A]ω is overed by D, then for all β < κ, A∩β ⊆ K(mβ, β)
for some mβ . Thus one an rene any suh A to an unbounded B suh that for
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a xed m, B ∩ β ⊆ K(m,β) for all β ∈ B. This ontradits property (i) of ρ2.
Assuming CP(κ) we would get that an A unbounded in κ and suh that [A]ω is
overed by D exists. However we just remarked that this is impossible. 
The main diulty towards a proof that PFA implies SCH has been the fat
that all standard priniples of reetion for stationary sets do not hold for
PFA. In partiular Baudoin [3℄ and Magidor (unpublished) have shown that
PFA is ompatible with the existene on any regular κ ≥ ℵ2 of a never reeting
stationary subset of Sωκ . However the following form of reetion holds under
CP(κ):
Fat 21 Assume CP(κ) for a regular κ > c and let D be a overing matrix for
κ with all K(n, β) losed. Let λ < κ be a regular ardinal and let (Sη : η < λ)
be an arbitrary family of stationary subsets of S≤λκ . Then there exist n and β
suh that Sη ∩K(n, β) is non-empty for all η < λ.
Proof: By CP(κ) and fats 14, there is X unbounded in κ suh that [X ]λ is
overed by D. Sine K(n, β) is losed for all n and β, we have that [X ∩ S≤λκ ]
λ
is overed by D. To see this, let Z be in this latter set and nd Y ⊆ X of size
λ suh that Z ⊆ Y . Now nd n and β suh that Y ⊆ K(n, β). Sine K(n, β) is
losed, Z ⊆ Y ⊆ K(n, β).
Now pik M ≺ H(Θ) with Θ large enough suh that |M | = λ ⊆ M and
λ,X, (Sη : η < λ) ∈ M . Then Sη ∩ X ∩ S≤λκ is non-empty for all η. By
elementarity,M sees this and soM∩Sη∩X∩S
≤λ
κ is non-empty for all η. However
M ∩X ∩S≤λκ has size λ so there are n and β suh that M ∩X ∩S
≤λ
κ ⊆ K(n, β).
So Sη ∩K(n, β) is non-empty for all η. 
5 Strongly ompat ardinals and CP(κ, θ)
We turn to the proof of theorem 10. We will need the following trivial onse-
quene of the existene of a strongly ompat ardinal:
Lemma 22 Assume λ is strongly ompat. Then for every regular κ ≥ λ, there
is U , λ-omplete uniform ultralter on κ whih onentrates on S<λκ .
Proof: Assume λ is strongly ompat and κ ≥ λ is regular. By denition
of λ there is a λ-omplete ultralter W on [κ]<λ suh that for all X ∈ [κ]<λ,
{Y ∈ [κ]<λ : X ⊆ Y } ∈ W . Set U to be the family of A ⊆ κ suh that
{X ∈ [κ]<λ : sup(X ∩α) = α} ∈ W for all α ∈ A. It is immediate to hek that
U is a λ-omplete ultralter whih onentrates on S<λκ . 
Now let θ < λ and κ ≥ λ be regular ardinals and x a θ-overing matrix D
= (K(α, β) : α ∈ θ, β ∈ κ) for κ. Let Aγα = {β > γ : γ ∈ K(α, β)} and
Aα = {γ ∈ S<λκ : A
γ
α ∈ U}. Sine θ < λ, by the λ-ompleteness of U , for every
γ ∈ S<λκ , there is a least α suh that A
γ
α ∈ U . Thus
⋃
α<θ Aα = S
<λ
κ . So there is
α < θ suh that Aα ∈ U . In partiular Aα is unbounded. Now let X be a subset
of Aα of size θ. Then A
γ
α ∈ U for all γ ∈ X . Sine |X | = θ < λ,
⋂
γ∈X A
γ
α ∈ U
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and thus is non-empty. Pik β in this latter set. Then X ⊆ K(α, β). Sine X
is an arbitrary subset of Aα of size θ, we onlude that [Aα]
θ
is overed by D.
This onludes the proof of theorem
10
10. 
6 PID implies CP
We turn to the proof of theorem 11. As we will see below a model of PID retains
enough properties of the superompat ardinals from whih it is obtained in
order that a variation of the above argument an be run also in the ontext of
ω-overing matries. We break the proof of theorem 11 in two parts. Assume κ
is regular and let D = (K(n, α) : n ∈ ω, α < κ) be a overing matrix on κ. Let
I be the family of X ∈ [κ]ω suh that X ∩K(n, α) is nite for all α < κ and for
all n < ω.
Claim 23 I is a P -ideal.
Proof: Let {Xn : n ∈ ω} ⊆ I. Let Y =
⋃
nXn. Let γY witness (v) for D
relative to Y . Now sine for every n,m, Xn ∩K(m, γY ) is nite, let X(n,m) be
the nite set
Xn ∩K(m, γY ) \K(m− 1, γY )
and let:
X =
⋃
n
⋃
j≥n
X(n, j).
Notie that Xn =
⋃
j X(n, j) and
⋃
j≥nX(n, j) ⊆ X , so we have that Xn ⊆
∗ X .
Moreover X ∩K(n, γY ) =
⋃
j≤i≤nX(j, i), so it is nite. We laim that X ∈ I.
If not there would be some β and some l suh that X ∩K(l, β) is innite. Now
X ∩ K(l, β) ⊆ Y ∩ K(l, β) ⊆ K(m, γY ) for some m. Thus we would get that
X ∩K(m, γY ) is innite for some m ontraditing the very denition of X . 
Now notie that if Z ⊆ κ is any set of ordinals of size ℵ1 and α = sup(Z), there
must be an n suh that Z ∩K(n, α) is unountable. This means that I 6⊆ [Z]ω,
sine any ountable subset of Z ∩K(n, α) is not in I. This forbids I to satisfy
the rst alternative of the P -ideal dihotomy. So the seond possibility must be
the ase, i.e. we an split κ in ountably many sets An suh that κ =
⋃
nAn
and for eah n, [An]
ω ∩ I = ∅.
Claim 24 For every n, [An]
ω
is overed by D.
Proof: Assume that this is not the ase and let X ∈ [An]ω be suh that
X \ X(l, β) is non-empty for all l, β. Now let X0 be a subset of X suh that
X0 ∩K(l, γX) is nite for all l. Then exatly as in the proof of laim 23 we an
see that X0 ∈ [An]ω ∩ I. This ontradits the denition of An. 
This onludes the proof of theorem 11. 
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Notie that for the proof of this theorem we just needed property (i) of a overing matrix.
The proof of CP(κ, ω) assuming either PID or MRP will need properties (i), (iii), (iv), (v).
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7 MRP implies SCH
We prove theorem 12. Thus assume MRP and let D be a overing matrix on
a regular κ > c suh that K(n, β) is a losed set of ordinals for all n and β.
Assume that for all A unbounded in κ, [A]ω is not overed by D. We will reah
a ontradition. For eah δ < κ of ountable onality, x Cδ onal in δ of
order type ω. Let M be a ountable elementary submodel of H(Θ) for some
large enough regular Θ. Let δM = sup(M ∩ κ) and βM be the ordinal γM∩κ
provided by property (v) of D applied to M ∩ κ. Set Σ(M) to be the set of all
ountable X ⊆M ∩ κ bounded in δM suh that
sup(X) 6∈ K(|CδM ∩ sup(X)|, βM ).
We will show that Σ(M) is open and M -stationary. Assume this is the ase
and let {Mη : η < ω1} be a reeting sequene for Σ. Let δMξ = δξ and
δ = supω1 δξ. Find C ⊆ ω1 lub suh that {δξ : ξ ∈ C} ⊆ K(n, δ) for some n
(whih is possible sine the K(n, δ) are losed subsets of κ). Let α be a limit
point of C. Let M = Mα and notie that by our hoie of βM for all m, there
is l suh that K(m, δ) ∩M ⊆ K(l, βM ). This means that for all η ∈ C ∩ α,
δη ∈ K(n, δ) ∩M ⊆ K(l, βM ) for some xed l. Sine α is a limit point of C
there is η ∈ α ∩ C suh that |CδM ∩ δη| > l and Mη ∩ κ ∈ Σ(M). But this
is impossible, sine Mη ∩ κ ∈ Σ(M) means that δη 6∈ K(|CδM ∩ δη|, βM ), i.e.
δη 6∈ K(l, βM).
We now show that ΣM is open and M -stationary:
Claim 25 Σ(M) is open.
Proof: Assume X ∈ Σ(M), we will nd γ ∈ X suh that [{γ}, X ] ⊆ Σ(M). To
this aim notie that CδM∩sup(X) is a nite subset ofX . Let n0 = |CδM∩sup(X)|
and γ0 = max(CδM ∩ sup(X)) + 1. Sine X ∈ Σ(M), sup(X) 6∈ K(n0, βM ) and
so, sine K(n0, βM ) is losed, γ1 = max(K(n0, βM )∩ sup(X)) < sup(X). Thus,
let γ ∈ X be greater or equal than max{γ1 + 1, γ0}. If Y ∈ [{γ}, X ], then
γ0 ≤ sup(Y ) ≤ sup(X), so |CδM ∩ sup(Y )| = |CδM ∩ sup(X)| = n0 and
γ1 = max(K(n0, βM )∩sup(X)) < sup(Y ) ≤ sup(X) < min(K(n0, βM )\sup(X)).
Thus Y 6∈ K(|CδM ∩ sup(Y )|, βM ), i.e. Y ∈ Σ(M). 
Claim 26 Σ(M) is M -stationary.
Proof: Let f : [κ]<ω → κ in M . We need to nd X ∈ Σ(M) suh that
f [[X ]<ω] = X . Let N ≺ H(κ+) be a ountable submodel in M suh that f ∈ N
and let C = {δ < κ : f [[δ]<ω] = δ}. Let also n0 = |CδM ∩ sup(N ∩ κ)| and
γ0 ∈ N be larger than max(CδM ∩sup(N ∩κ)). Then (C \γ0) ∈ N . We assumed
that no A unbounded in κ is suh that [A]ω is overed by D. So in partiular
by elementarity of N :
N |= [(C \ γ0) ∩ S
ω
κ ]
ω
is not overed by D
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Thus there exists X ∈ N ountable subset of (C\γ0)∩Sωκ suh that for all n and
β, X \K(n, β) is non-empty. Let γ ∈ X \K(n0, βM ). Now nd Z ∈ N ountable
and onal in γ and let Y be the f -losure of Z. Then Y ∈ N ⊆M . Now γ ∈ C
so sup(Y ) = sup(Z) = γ 6∈ K(n0, βM ). Moreover γ = sup(Y ) ∈ (C \ γ0) ∩ N ,
so γ0 < sup(Y ) < sup(N ∩ κ), i.e. |CδM ∩ sup(Y )| = |CδM ∩ sup(N ∩ κ)| = n0.
Thus:
sup(Y ) 6∈ K(|CδM ∩ sup(Y )|, βM ).
I.e. Y ∈ Σ(M). 
This onludes the proof of theorem 12. 
8 "Saturation" properties of models of strong for-
ing axioms.
Sine foring axioms have been able to settle many of the lassial problems of
set theory, we an expet that the models of a foring axiom are in some sense
ategorial. There are many ways in whih one an give a preise formulation
to this onept. For example, one an study what kind of foring notions an
preserve PFA or MM, or else if a model V of a foring axiom an have an in-
teresting inner model M of the same foring axiom. There are many results in
this area, some of them very reent. First of all there are results that shows
that one has to demand a ertain degree of resemblane between V and M .
For example assuming large ardinals it is possible to use the stationary tower
foring introdued by Woodin
11
to produe two transitive models M ⊆ V of
PFA (or MM or whatever is not oniting with large ardinal hypothesis) with
dierent ω-sequenes of ordinals and an elementary embedding between them.
However M and V do not ompute the same way neither the ordinals of ount-
able onality nor the ardinals. On the other hand, König and Yoshinobu [11,
Theorem 6.1℄ showed that PFA is preserved by ω2-losed foring while it is a
folklore result that MM is preserved by ω2-direted losed foring. Notie how-
ever that all these foring notion do not introdue new sets of size at most ℵ1.
In the other diretion, in [23℄ Veli£kovi¢ used a result of Gitik to show that if
MM holds and M is an inner model suh that ωM2 = ω2, then P(ω) ⊆ M and
Caiedo and Veli£kovi¢ [5℄ showed, using the mapping reetion priniple MRP
introdued by Moore in [16℄, that if M ⊆ V are models of BPFA and ωM2 = ω2
then P(ω1) ⊆ M . In any ase all the results so far produed show that any
two models V ⊆ W of some strong foring axiom and with the same ardinals
have the same ω1-sequenes of ordinals. Thus it is tempting to onjeture that
foring axioms produe models of set theory whih are "saturated" with respet
to sets of size ℵ1. One possible way to give a preise formulation to this idea
may be the following:
Conjeture 1 (Veli£kovi¢) Assume W ⊆ V are models of MM with the same
ardinals. Then [Ord]≤ω1 ⊆W .
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[12℄ gives a omplete presentation of this subjet.
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or in a weaker form:
Conjeture 2 Assume W ⊆ V are models of MM with the same ardinals.
Then [Ord]ω ⊆W .
CP an be used to show that one shouldn't expet that the negation of onjeture
2 an be obtained by means of foring. Sine no inner model theory is known
for models of MM, PFA or of a superompat ardinal, the results I will present
brings to the onlusion that urrently there are no suitable means to try to
prove the negation of the seond onjeture. Moreover I an show that if this
onjeture fails rst at κ, then κ is lose to be a Jónsson ardinal in the smaller
model and more.
Theorem 27 Assume CP(κ+, θ). Let W be an an inner model suh that κ is
a regular ardinal of W and suh that (κ+)W = κ+. Then of(κ) 6= θ.
This shows that if λ is strongly ompat, than one annot hange the onality
of some regular κ ≥ λ to some θ < λ and preserve at the same time κ+ and the
strong-ompatness of λ.
Corollary 28 Assume PFA and let W be an inner model with the same ardi-
nals. Then W omputes orretly all the points of ountable onality.
Proof: PFA implies CP. Now apply the above theorem. 
In partiular this gives another proof that Prikry foring destroys PFA, sine if
g is a Prikry generi sequene on a measurable κ, V [g] annot model CP.
The next propositions show that neither κ+-CC foring notions nor homoge-
neous foring notions an be used to obtain a generi extension whih models
PFA and whih rst adds a new ω-sequene to κ. First of all we an see that
the failure of onjeture 2 entails that W and V have a diverging notion of
stationarity:
Proposition 29 Let W be an inner model of V and assume that V models
CP. Assume that for the least W -ardinal κ suh that κω \ W is nonempty,
κ+ = (κ+)W and κ > c. Moreover assume that [λ]ω ⊆ W for all λ < κ.
Then for every λ < κ regular ardinal of V , there is S, W -stationary subset of
(Sλ
κ+
)W , whih is not anymore stationary in V .
In partiular any foring P satisfying the κ+-hain ondition and suh that κ is
the least ordinal to whih P adds a new ω-sequene destroys PFA, sine these
forings preserves stationary subsets of κ+. Thus also diagonal Prikry foring
kills PFA.
Reall that (P,<P ) is an homogeneous notion of foring if for every p, q ∈ P ,
there are p0 ≤P p and q0 ≤P q suh that ({r : r ≤ p0}, <P ) is isomorphi to
({r : r ≤ q0}, <P ). If P is an homogeneous notion of foring it is possible to
prove by a standard indution argument that if φ(a0, · · · , an) is a formula in
15
the language of foring whose parameters are anonial names for sets in the
ground model, then either P φ(a0, · · · , an) or P ¬φ(a0, · · · , an).
Notie that the standard ardinal preserving foring to add an ω-sequene to
an unountable ardinal like Prikry foring or diagonal Prikry foring are ho-
mogeneous
12
.
Proposition 30 Let P be an homogeneous notion of foring, let G be a P -
generi lter. Assume that P [λ]
ω ⊆ V for all λ < κ and that κ+ > c is
preserved. Assume moreover that V [G] models CP(κ+). Then P [κ]
ω ⊆ V
CP(κ+) follows both from PFA and from the existene of a superompat λ ≤ κ.
In partiular the above proposition shows that PFA, MM and superompat
ardinals are not preserved by all known foring notions whih add ω-sequenes
and preserve ardinals sine all suh foring notions are homogeneous.
We an onlude that there are not muh hopes to nd a foring whih rst
falsify onjeture 2 at some κ. By theorem 27, κ must be of ountable onality.
Moreover we have to seek for a P whih on one hand preserves ardinals and is
stationary set preserving, on the other hand is not homogeneous and does not
have the κ+-hain ondition13.
The following propositions give some ideas on how to measure the onsisteny
strength of the negation of the above onjetures.
Say that κ is E-Jónsson for a family E of funtions ψ : [κ]<ω → κ if for every
ψ ∈ E there is Y proper subset of κ whih is ψ-losed. κ is Jónsson if E ontains
all the relevant funtions.
Any measurable ardinal is Jónsson. Silver has shown
14
that if ℵω > c is
Jónsson, then it is measurable in an inner model. It is a major open problem
whether ℵω an be a Jónsson ardinal in some model of ZFC and reently König
[9℄ has shown that MM is onsistent with ℵω not being Jónsson.
Proposition 31 Let W ⊆ V be models of ZFC and κ > c be the least suh that
[κ]ω \W is nonempty. Assume that V |= CP, 2ω < κ and that (κ+)W = κ+.
Then κ+ is W -Jónsson.
Proposition 32 Let W ⊆ V be models of ZFC with the same bounded subsets
of κ and omputing κ+ the same way. Assume that V |= CP, 2ω < κ, and that
κ is the least suh that [κ]ω 6⊆W . Then κ is Jónsson in W .
We now turn to the proofs.
Proof of theorem 27: Assume the theorem is false. Then of(κ) = θ. We
need some preparation. Work in W . Fix a sequene C = {Cξ : ξ < κ+} ∈ W
12
It should be expeted that the stationary set preserving foring used by Magidor to show
that MM implies there is a stationary set of bad points in ℵω+1 is not homogeneous. In
any ase this foring ollapses ℵω+1 to an ordinal of size ℵ1 and moreover CH holds in the
extension.
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In fat more than that, sine the proof of proposition 29 shows that this P should have
the property of foring the non-stationarity of at least one set in every disjoint family in the
ground model of κ-many stationary (in the ground model) subsets of Sλ
κ+
.
14
See [8℄ for a proof.
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suh that for all limit α, Cα is a lub subset of α of order type of(α). If
ξ = α+ 1, Cξ = {α}. Consider the funtion ρ∗ : [κ+]2 → κ dened from suh a
sequene whih was introdued in the proof of lemma 16.
Now work in V . Let g : θ → κ be a onal sequene. Set D(α, β) = {ξ < α :
ρ∗(ξ, β) ≤ g(α)}. The two lemmas 17 and 18 allows to prove the analogue of
fat 19:
Fat 33 The following holds:
(i) otp(D(α, β)) < κ for all α < θ and β < κ+,
(ii) for all γ < β < κ+,there is α0 < θ suh that D(α, γ) = D(α, β) ∩ γ for all
α ≥ α0.

This means that D = (D(α, β) : α < θ, β < κ+) is a θ-overing matrix for
κ+ with βD = κ. By CP(κ
+, θ) there is A unbounded in κ+ suh that [A]θ is
overed by D. We laim that [A]κ is overed by D. Suppose not, then there
would be some γ ≤ β suh that otp(A∩γ) > κ and A∩γ \D(α, β) is non-empty
for all α < θ. Thus we ould nd an X ∈ [A ∩ γ]θ suh that X \ D(α, β) is
non-empty for all α < θ. But then, by (ii) of the above fat, X \D(α, β) would
be non-empty for all α < θ and β < κ+. This would ontradit the fat that
[A]θ is overed by D. Now let γ be suh that κ < otp(A ∩ γ). Then for some α
and β we would have A ∩ γ ⊆ D(α, β) and so:
κ < otp(A ∩ γ) ≤ otp(D(α, β)) < κ.
This is the ontradition whih proves the theorem. 
Proof of proposition 29: By the previous theorem κ annot be regular in
W , otherwise V annot model CP. Sine κ is the least suh that κω \W is
non empty and is not regular in W , we an onlude that κ is in W a ardinal
of ountable onality. So there is a overing matrix D ∈ W for (κ+)W with
βD = κ and suh that K(n, β) is losed for all n and β. Sine κ
+ = (κ+)W , D is
still a overing matrix in V for κ+ with βD = κ. Assume towards a ontradition
that there is some λ < κ regular ardinal of V suh that every W -stationary
subset of Sλ
κ+
is still stationary in V . So x in W some {Aα : α < κ} ∈ W
partition of (Sλ
κ+
)W in κ-manyW -stationary sets. Now by our assumption, this
is still a family of disjoint stationary subsets of V . Let for every n, β, D(n, β)
be the set of α < κ suh that Aα ∩K(n, β) is nonempty. Now D(n, β) ∈W and
|D(n, β)| ≤ |K(n, β)| has size less than κ. So, by minimality of κ, we have that
D(n, β)ω ⊆W , else there would be a new ω-sequene in |D(n, β)|. Apply CP in
V and nd X unbounded in κ+ suh that [X ]ω is overed by D. Exatly as in
the proof of fat 21, we an see that
[X ∩ S≤λ
κ+
]λ
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is overed by D. Now pik M ountable elementary submodel ontaining all
relevant information. Then Ag(n) ∩ X ∩ M ∩ S
λ
κ+
is nonempty for all n, by
elementarity of M . Now M ∩ X ∩ Sλ
κ+
⊆ K(n, β) for some n, β. This means
that g ∈ D(n, β)ω ⊆W and we are done. 
Proof of proposition 30: As before we an remark that κ has ountable o-
nality in V , otherwise the hypothesis of the proposition are not ompatible with
the onlusion of theorem 27. For this reason Sω
κ+
has the same interpretation
in V and in V [G]. Now we will use homogeneity to obtain a family T ∈ V
of κ-many disjoint subsets of Sω
κ+
whih are stationary in V [G], we will then
proeed exatly as in the previous proposition to obtain the desired onlusion.
To this aim let:
{Aαβ : α < κ, β ∈ κ
+} ∈ V
be an Ulam matrix, i.e for all α < κ and β < κ+,
Aαβ = {ξ ∈ S
ω
κ+ : φξ(β) = α}
where φξ : ξ → κ ∈ V is a bijetion for all ξ ∈ [κ, κ+).
A standard ZFC argument shows that there is a row α of the matrix suh that
the set of β suh that Aαβ is stationary has size κ
+
, moreover Aαβ ∩ Aαγ = ∅
whenever β 6= γ.
Fix an α with this property in V [G] and let S be the set of β suh that V [G]
models Aαβ is stationary. Now by the homogeneity of P and the fat that
Aαβ ∈ V we an onlude that:
P Aαβ is a stationary subset of S
ω
κ+
for all β ∈ S. We an onlude that S ∈ V . Let T = {Sα : α < κ} ∈ V be a
subset of S of size κ. Now proeed exatly as in the previous proposition. 
Proof of propositions 31 and 32: Remark that by theorem 27 any κ as
in the hypothesis of theorems 31 and 32 has already ountable onality in
W . Fix A ∈ V unbounded set witnessing CP relative to a D ∈ W overing
matrix for κ+ with βD = κ. Notie that this entails that [A]
ω ⊆ W . Now let
ψ : [κ+]<ω → κ+ be any funtion in W . Let B be the ψ-losure of A. We laim
that B is a proper subset of κ+, otherwise if X ∈ [κ+]ω \W is ontained in
B there would be a ountable subset Y of A suh that X is ontained in the
ψ-losure Z of Y . However [Z]ω ⊆W , sine Z ∈ W is ountable, so X ∈W and
this ontradits our hoie of X . This shows that κ+ is W -Jónsson. To show
proposition 32, set for every ψ : [κ]<ω → κ, (Tψ, <Tψ) to be the well-founded
partial order of bounded subsets X of κ suh that X is stritly ontained in
sup(X) and suh that for all α1, · · · , αn ∈ X , if ψ(α1, · · · , αn) < sup(X),
then ψ(α1, · · · , αn) ∈ X . If X,Y ∈ Tψ, X <Tψ Y if Y end extends X and
|X | < |Y |. Now notie that Tψ gets the same interpretation in W and in V . If
ψ : [κ+]<ω → κ+ is in W an arbitrary extension of ψ and A witness in V the
overing property, ψ[A] ∩ κ is a branh through Tψ of type κ. Thus V models
that >Tψ is ill-founded. By absoluteness W models that >Tψ is ill-founded.
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Notie that our requirement on the order <Tψ entails that a witness that >Tψ
is ill founded is neessarily a proper subset of κ of type κ losed under ψ. Sine
this argument holds for an arbitrary ψ ∈W , we an argue that W models that
κ is Jónsson. This onludes the proof of both propositions. 
The results that I presented suggest to investigate the following problem as the
next step towards a solution of the above onjetures:
Problem 34 Is it possible to prove the analogue of orollary 28 for sequenes
of size ω1? I.e. is it possible to prove that if V models MM, W is an inner
model and κ is a regular W -ardinal with κ+ = (κ+)W , then of(κ) > ω1 in V ?
Assuming a positive answer to this problem, the next proposition shows that
onjeture 1 annot have a negative solution by means of set-foring.
Proposition 35 Assume V ⊆W are models of MM with the same ordinals of
onality ω and ω1 and that W is a set foring extension of V . Then [Ord]
ω1 ⊆
V .
Proof: W is a set-generi extension of V by some P -generi lter. Thus P is a
set and satises the |P |+-hain ondition. Let κ = |P |+. It is enough to show
that [κ]ω1 ⊆ V . Now S≤ω1κ = (S
≤ω1
κ )
W
. By the κ-hain ondition we get that
every stationary subset of Sωκ ∈ V remains stationary in W . Now x a partition
{Sα : α < κ} in V of Sωκ in κ-many disjoint stationary subset of κ. Then this
is still a partition in stationary sets of W . Given any g ∈ κ≤ω1 nd by MM in
W an ordinal δ < κ of onality ω1 suh that Sg(ξ) reets on δ for all ξ in the
domain of g. Let C ∈ V be a lub subset of δ of order type ω1 suh that α ∈ C
i there is ξ suh that α ∈ Sg(ξ). Then Im(g) ∈ V sine:
Im(g) = {η : ∃α ∈ Sη ∩ C}.
We an onlude that also g ∈ V . 
Thus also the following problem seems to be relevant to our disussion:
Problem 36 Is it possible to produe two models W ⊆ V of MM with the same
ardinals, the same ordinals of onality ω and ω1 and suh that some stationary
set of (Sωκ )
W
is not anymore stationary in V , where κ is a regular ardinal of
V ?
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